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Abstract
Labyrinth seals are commonly found in turbines and compressors. Their objective
is to control air leakage from high pressure regions to low pressure regions. This leakage,
which depends on a great variety of parameters such as geometry of the teeth, number of
cavities, pressure differences, temperature, type of gas e.t.c., is inevitably present even in
the case of abradable seals. The correct prediction and control of this leakage is crucial
for the efficient and economic operation of turbomachinery.
The air flow through the seals and its swirling motion in the cavities formed
between the seal teeth, may create net pressure and shear forces acting on the rotor.
These forces may contribute to the destabilization of marginally stable rotors rotating at
very high speeds.
Equations governing the leakage flow rate for multicavity labyrinth seals are
derived. The kinetic energy carry-over coefficient is modeled as a function of number of
teeth. When the discharge flow coefficient is constant for all cavities, an analytical
prediction of the leakage is possible. This prediction is compared to experimental results
and to numerical results obtained by the use of more complex forms of the discharge flow
coefficient which incorporate the dependence of the flow coefficient on the pressure levels
involved. In addition, alternate models of the discharge flow coefficient, which exhibit
behavior similar to the one used earlier work by [1], [4], [5], and at the same time allow
analytical predictions of the leakage, are introduced. These predictions are compared to
the numerical results and to the experimental findings.
Shear stress model, used in this work, and the methods for computing the steady-
state circumferential velocities in the labyrinth cavities are described.
1
1. Introduction
Labyrinth seals are used extensively in turbomachinery to separate high pressure
gas from flowing into a region of low pressure gas.
The capability to accurately predict the leakage flow rate of the gas through the
seal is crucial for the efficient and economic operation of turbomachinery. In addition the
accurate prediction of the leakage and of the pressure distribution in the cavities of the
labyrinth seals is important in evaluating the effect of the labyrinth seals on the rotor
stability.
The leakage of the gas through the labyrinth seals ( present even in the case of
abradoble seals) depends on the ~eometry of the seal, the operating conditions of the
machinery and the type of gas. Its accurate prediction is a challenging problem due to the
complex flow conditions present in a labyrinth seal. Swirling gas at the high pressure end
of the seal enters through the clearance between the first tooth of the seal and the wall
opposite to it into the first cavity. As the gas enters the cavity expands somewhat and its
rotational momentum is altered by the friction of the cavity walls which may rotate at
speeds quite different from the inlet swirl velocity. This rotation of the walls is in general
non-axisymmetric and time dependent due to small but nevertheless important vibration of
the rotor. Depending on the number of teeth of the labyrinth seal this senario is repeated
several times ( 18 in some cases ) and tpe gas emerges at the other end of the seal at
significantly reduced pressure.
The pressure and shear stresses generated by this swirling flow of the gas through
the seal may have a destabilizing effect on the rotation of the shaft. Destabilization due to
labyrinth seals have been previously reported by [1], [13], [14]. These cases consisted of
high speed rotor-bearing systems whose stability was known to be marginal at the
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operating speed and consequently the effects of the labyrinth seals were sufficient to
destabilize the rotor on certain operating conditions.
In this work the problem of rotor stability is not studied. This is going to be the
main focus of further work. However a careful and precise analysis of zero order fluid
mechanics equations is necessary for the proper development of the perturbation
equations. In this work we focus on the derivation of this zero order solution and we
attempt to express this solution in simple analytical formulas so that the behavior of the
perturbed equation can be better understood and controlled.
An important simplifying assumption used in this work, as well as in previous
works in this area, is that the cavity pressures and circumferential velocities may be
approximated by their bulk values. This is to say that the zeroth order pressure in a
labyrinth seal varies from cavity to cavity, but it remains constant at each point of a
particular cavity. Similarly, it is assumed that the zeroth order circumferential velocity
varies from cavity to cavity, but it is independent of location with a particular cavity. Of
course boundary layers are used at the solid surfaces to account for frictional forces
present due to differences between the speeds of rotating parts and of the gas. In addition,
when the zeroth order approximation to this flow is considered, i.e. the one for a perfectly
centric rotor rotation, the flow can be taken to be axisymmetric and of steady-state. This
reduces the problem to the determination of the leakage flow rate m, and of the arrays
for bulk cavity pressures P; and bulk circumferential velocities Vi, where i varies
between one and the number of the cavities involved in the labyrinth seal.
In this work we present the steady-state leakage flow rate models used by [1], [4],
[5] and define a new formula for the kinetic energy carry-over coefficient which corrects
the prediction of the leakage flow rate for the fact that the stream of air becomes a well
formed jet once it passes through the first tooth constriction. When the discharge flow
coefficient, which is the contraction factor used to account for the effect of the Vena
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contracta at the orifice connecting two subsequent cavities, is constant for all cavities, then
an analytic prediction of the leakage is possible. This prediction is compared to
experimental results and to numerical results by the use of more complex forms of the
discharge flow coefficient which incorporate the dependence of the flow coefficient on the
pressure levels involved.
In this work we also extend the analytical approach to the case for which the
discharge flow coefficient depends on the pressures on both sides of the tooth. This
extension is presented for specific dependencies of the discharge flow coefficient on the
pressures. One type of formulas used in this work, relate the discharge flow coefficient to
the logarithm of the pressure ratio of two consecutive cavities. This relation involves two
parameters which can be adjusted so that the resulting dependence of the flow discharge
coefficient on the pressure levels approximates well the experimental findings~ Using this
formula, the problem of the leakage and pressure distribution prediction is greatly
simplified requiring for the most part only explicit analytic evaluation formulas. Only the
pressure in the first cavity has to be numerically calculated. Another type of formula used
here, relates the discharge flow coefficient to the pressure difference between two
consecutive cavities. This difference is nonnalized by the overall pressure differences
between inlet and outlet. Again the relation contains two parameters which can be
appropriately selected to correctly represent experimental finding. For this second type of
dependence the problem can be solved analytically in its entirety.
In order to complete the zeroth order analysis of the problem, the circumferential
velocities in the cavities must also be calculated, even though they are not needed for the
prediction of the leakage flow. Their calculation requires the introduction of appropriate
boundary layers and general shear stress formulas are used. A simplification, discussed in
this work, simplifies this problem by making the complete analytic evaluation of the
circumferential velocities possible in certain cases discussed in section 5. This
4
simplification consists of modifying the shear stress formula so that when calculation is
done in a specific cavity of the labyrinth seal the Reynolds number used in the one of the
previous cavity.
In chapter 2 we describe the VarIOUS types of labyrinth seals and give the
geometries and notations used in present work.
In chapter 3 we present the steady-state leakage flow rate models used by [1], [4],
[5] and define a new formula for the kinetic energy cary-over coefficient. We also
describe the methods for calculating the leakage flow rate and labyrinth cavity pressure
distribution. The predictions are compared to the experimental results. An important
parameter in the calculation of the leakage is the discharge flow coefficient which tries to
incorporate the vena contracta effect of the " jet " formed during the passage of the gas
from one cavity to the next. When this discharge flow coefficient is independent of the
pressures involved, then an explicit analytic solution of the problem is possible. This
solution is described in section 3a for the non-choked case. When the pressure difference
between the two ends of the seal exceeds a given value, then a choked flow condition may
develop in the last passage. This case is discussed in section 3b. The full numerical
approach needed for more general discharge flow coefficient formulas is described in
section 3c.·
In chapter 4 two types of specific dependencies of the discharge flow coefficient
on the pressures are presented. For these dependencies, analytical and or semi-analytical
treatment of the problem is possible. The leakage flow rate and the labyrinth cavity
pressure distribution are calculated using these specific dependencies of the discharge flow
coefficient on the pressures. Results are compared with full numerical results and with
experimental findings.
In chapter 5 we describe the shear stress model used in this work and the methods
for computing the steady-state circumferential velocities in the labyrinth cavities.
5
2. Geometry of the Labyrinth Seals
The analysis developed in this work is applicable to many seal geometries
commonly found in turbomachinery [1]. For simplicity, we will discuss here only the
geometry of straight-through labyrinth seals. Figure 1 shows this geometry for the case of
the teeth being on the stator. The number of the teeth NT in the cases studied here
varies between 2 [experimental work by Iwatsubo [2]] and 18 [experiments by Benvenuti
et all [3]]. For each cavity i (1 ::; i ::; NT - 1) the pitch Li , the shaft (rotor) radius
RBi, the tip length til the tooth hight Bi , and the clearance Gri must be given to
describe the full geometry. In the straight-through seal discussed here all of the above
dimensions have the same values in all cavities. Morover for the discussion of leakage and
zero order pressure distribution the geometry is taken as axially symmetric.
The inlet pressure PIN of the fluid in front of the first tooth is denoted by Po and
the outlet pressure POUT downstream from the last tooth is denoted by PNT. In this
work, the bulk pressure and velocity approach is used, i.e. it is assumed that the pressure
at each point of cavity i can be represented by a constant value I'i. Similarly, the
circumferential velocity at each point of the cavity can be represented by a constant value
Vi.
The purpose of the labyrinth seals is to prevent or minimize the leakage flow rate
of a fluid in the axial direction along the rotor. The leakage at each tooth i is denoted by
mi and represents the mass flow rate over the entire circumference of the gap created by
the clearance. The area of this gap is denoted by ANARn when the teeth are on the
rotor and by ANARsi when they are on the stator. It can be seen that
J
(2.1)
6
(2.2)
The gas flow swirling with the bulk circumferential velocity 'Vi results in viscous
shear stress Tsi at the stator wall surfaces. Likewise, the shaft (or rotor) surface velocity
relative to the bulk circumferential velocity 'Vi results in a viscous shear stress TriOn the
rotor surface. Therefore, we need to define the shear surface areas to each labyrinth
cavity. The stator shear area for the i th labyrinth cavity is defined by the expression
where the dimensionless stator shear area tenn aSi is defined by
(2.3)
for teeth on the stator
for teeth on the rotor. (2.4)
Likewise, the rotor shear area is difined by the expression
where the dimensionless rotor shear area tenn ari is defined by
{
I, for teeth on the stator
ari = (2Bi + L i )/L i , for teethon the rotor.
Figure 2 depict these quantities for some typical seal geometries.
7
(2.5)
(2.6)
A more detailed description of these geometries and a description of different seal
geometries are given in [1].
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3. Leakage Flow Rate Calculation and Labyrinth Cavity
Pressure Distribution
When the rotor rotates with a constant speed, with no eccentricity present, the
flow is time independent. In this steady-state situation the continuity equation implies that
(3.1)
The flow rate rh depends on the geometry of the seals, the pressure difference
PIN - POUT, and the inlet temperature TIN' In this work, we assume that the gas in
each cavity obeys the perfect gas law
(3.2)
where l'i is the pressure, Pi is the density, Ii is the corresponding temperature in the
cavity i and R is the gas constant [287 Nm/(kgK) , for air]. The flow is taken to be
isothermal with Ii = TIN for i = 1, ... , NT.
The leakage flow rate and the related pressure distribution can be computed using
various formulas. The basic approach is to model the leakage at tooth i as an isentropic
expansion of the gas from its conditions at cavity i-I to the ones in the cavity i. As a
result of this analysis [4], [5] we obtain
. ANAR J 2 2
m = Ci Pi JR T ~-1 - ~ ,
9
(3.3)
where the expansion function .;pl-l - Pi2/.;RT is multiplied by the annular flow
area ANAR (given by equations (2.1) and (2.2)) and the coefficients Ci and /-Li.
The discharge flow coefficient Ci is the contraction factor used to account for the
effect of the Vena contracta at the orifice connecting two subsequent cavities. This
factor which varies between 0.60 and 0.75 for large Reynolds numbers [6], can be a
function of the pressure ratio. One formula used in earlier work [1], [4], [5] is
1r
Ci = 1r +2 - 5Si + 2Sr '
where
( R l)¥So = -!::- -1t P;, ,
with 'Y ( ~ 1.4 for air) being the ratio of specific heats
(3.4)
(3.5)
(3.6)
Formula (3.4) is based on the jet flow analysis of Chaplygin [7]. For small values of Si
this formula asymtots to a constant value
1rCo = --2 ~ 0.611.
1r+
10
(3.7)
An analysis of the flow through a single constriction with a geometry similar to
labyrinth teeth geometry has been performed [8] using the CFD code FLUENT. In
that analysis constant pressure conditions were applied to the left and to the right of a
single tooth. Two dimensional flow was assumed. The resulting volume flow rate per
unit area was then used in a equation similar to (3.3) to obtain 0 0• The value of 0 0 so
obtained is
0 0 = 0.716. (3.8)
The kinetic energy carry - over coej jicient J.Li of formula (3.3), corrects
the predicton of rh for the fact that the stream of air becomes a well formed jet once it
passes through the first tooth constriction. Consequently, we always use J.Ll = 1 and
J.Li > 1 for 2 ~ i < NT. One of the formulas used earlier [5] is defined as
where
J.Li =
NT
(1- J)NT +J ' (3.9)
(3.10)
According to this formula the kinetic energy carry - over coejjicient
depends on the clearance Ori and the number of the teeth NT. For a typical labyrinth
seal with 12 teeth the ratio Ori/L i is about 0.05. This value of the ratio gives a J of
about 0.70, and consequently a ratio J / NT of about 0.06. Formaly equation (3.9)
can be expanded for small values of J / NT as
11
J
I-l rv 1+ 2 NT (NT - 1) . (3.11)
In this work, we adopt (3.11) with a constant value for J /(2 NT) .
Comparision of experimental results with results predicted with the present work justify
the use of
I-l = 1 + 0.0791 (NT - 1).
12
(3.12)
i3a. Analytical calculation: Non-choked case
Considering the formulation presented in section 3 for a given seal geometry and
input-output pressure conditions we can devise an algorithm which will produce the
leakage flow rate rh and an associated pressure distribution Po, PI , P2 , ... , 11 , ... ,
P NT- 1 , PNT. Geqe.rallyJPis algorithm necessitates the numerical solution of a set of
algebraic equations which will be explained in detail in section 3c.
When the seal conditions are such that the pressure ratio between any two
conSecutive cavities is less than the critical ratio
( Pi-I) (1 +f)~11 critical = -2- , (3.13)
the flow is non - choked. For some cases with high PIN/POUT ratio there is a
possibility of the flow becoming choked at the last tooth. In this section we deal with
non - choked flow. The case of the last tooth being choked will be discussed in section
3b.
In this section we obtain analyticalY the leakage flow rate rh by using the
constant values for the discharge flow coefficient Go· as given by equations (3.7) and
(3.8).
Using the definitions
and
t:- rhJ]fT
m= ANAR'
13
(3.14)
/\
rhk=-Co '
(3.15)
and remembering that the kinetic energy carry-over coefficient p, must be taken equal to
one for the first constriction, we write from equation (3.3)
(3.16)
Using equations (3.1) and (3.3) we can then write for the rest ofthe teeth the equations
(3.17)
When we add equations (3.16) and (3.17), we find k as
14
k= P6 - Pf.rT1 + NT-l
-r
(3.18)
Substituting (3.18) into (3.15) we obtain the mass flow number G as
1\
m CokG=-=- =Co
Po Po
1- r 2
1 + NT-l '
-r
(3.19)
where the outlet to inlet pressure ratio r is given by
PNT
r---
- Po . (3.20)
For a given value of 0 0 (cf. equations (3.7) and (3.8)) and J1 (cf. equation
(3.12)) we can now plot the mass flow number G versus the pressure ratio r and
compare this prediction to experimental results.
In figure 3 this analytical prediction with Co given by (3.7) is compared to the
results obtained by J.B. Brownell, lA. Millward and RJ. Parker [9] for a five teeth
straight-through labyrinth seals. The additional numerical solution depicted in the figure is
the result of incorporating a pressure dependent discharge flow coefficient Oi. This
numerical solution procedure will be given in section 3c.
In figure 4 the analytical prediction with Co given again by (3.7) is compared to
the results obtained by E. Benvenuti, G. Ruggeri and E.P. Tomasini [3] for a twelve
teeth straight-through labyrinth seal.
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In figure 5 the analytical prediction is compared to the results obtained by [3] for
a fourteen teeth straight-through seal.
In figures 6 and 7 the analytical results are compared to the results obtained by [3]
for a eighteen teeth straight-through labyrinth seal.
In all cases ecept the last one, studied above, the walls of the cavities are
perpendicular to the rotor wall, i.e. A= 0° . ( The definition of A is given in figure 1).
For the case depicted in figure 7, we have A = 30° .
One more experimental result for a 2 teeth straight-through labyrinth seal is the
one given by Iwatsubo [2]. Here the inlet pressure PIN = 2.413E + 5 (Pa) ,the
outlet pressure POUT = 2.068E + 5 (Pa) , the inlet temperature TIN = 298.15 (OK)
,the gas constant R = 287.0 (J /kgO K), and the measured leakage flow rate m
= 0.021 (kg/ s). The value of the leakage flow rate predicted by our method gives
(3.21)
For the seal described in [2], the annular flow area ANAR = 0.00010126 (m2) ,from
equation (3.12) we have /.L = 1.079. Using equation (3.7) for Co we obtain
m= 0.0193 (kg/s).
Using equation (3.8) for Co we obtain
m= 0.0226 (kg/s).
16
(3.22)
(3.23)
We note that the value given by equation (3.22) approaches satisfactorily the
experimental value from below and the value of rh given by equation (3.23) approaches
satisfactorily the experimental value from above.
Having obtained the leakage flow rate we can use equation (3.17) to obtain the
associated pressure distribution I{. From equation (3.17) we can write
r::;y
I{-l = Vp? + JJ ' (3.24)
for i = NT, NT - 1, ... , 2. Here f-L and k are given by equations (3.12) and (3.18),
respectively.
Some of the experiments used to compare our leakage flow prediction, i.e. cases
presented in figures 3-7, do not record the pressure distribution. This is the reason we
have only two comparision for the pressure distribution prediction.
In figure 8 this analytical prediction is compared to the results obtained by [3] for a
12 teeth straight-through labyrinth seals for the pressure ratio r = 0.205. The procedure
of numerical solution which is depicted in the figure will be given in section 3c .
In figure 9 the analytical prediction is compared to the results obtained by [3] for a'
12 teeth straight-through labyrinth seals for the pressure ratio r = 0.787. In both cases,
studied above, ~ = 0°.
\
/
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3b. Analytical calculation: Choked case
The fonnulas discussed so far are valid for subsonic flow assuming that choking
does not occur at a particular restriction. Since the possibility of critical flow at the last
tooth of the seal is always present, we must check for critical condition at the output
before proceeding with the leakage flow rate and pressure distribution calculation.
Choked flow of the gas in the last restriction will occur if
(3.25)
When the last restriction is choked, equations (3.16)-(3.17) must be replaced
with
P2 _ p2 _ kr1 - 2'2 t.t
(3.26)
2 2 krp. I-P. =-t- t 2't.t
18
where
( )
_.1:L
,+1 "I-I
b = 1 - -2- ( = 0.7209 I for air ) I
and
1\
mk1 =-.00
When we add the equations given in (3.26) , we find k1 as
(3.27)
(3.28)
p,2
o
1 + NT-2 + 1 .IT bjj.2
(3.29)
Substituting (3.29) into (3.28) we obtain the mass flow number G as
1\
m 00k1G= -=--=00
Po Po
1
1 + NT-2 + 1 .IT bj]i
(3.30)
We can now use equation (3.29) in the last of equation (3.26) and obtain
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k1 PoPNT- 1 = -- = .w/b Jb+ b(NT-2) + 1J..t J1.2 JlI (3.31)
Since Po is the inlet pressure and PNT-l is related to the outlet pressure PNT with
the relation (3.25), we conclude from equation (3.31) that for unchoked last tooth we
must have
where
PIN
--<TD 0'
.rOUT
..l
(
'Y + 1) 1'-1
To = -2- JbJ..t2 +b(NT - 2) +1 .
(3.32)
(3.33)
When PIN = To POUT then the last tooth is choked and for PIN/POUT ratios higher
that To a more complicated sitiation occurs with the possibility of additional teeth
becoming choked.
In figure 10 we plot To vs NT for the relation of J..t given by equation (3.12)
and 'Y = 1.4. It can be ,seen that as for the unrealistic situation ofa single tooth, choking
/
will occur if the PIN is equal to the critical pressure corresponding to the POUT i.e.
( 'Y+1)~PIN = -2- POUT.
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(3.34)
As the number of teeth increases, r
c
increases with a parobolic manner, reaching the
value 7.688 for NT = 18. Table 1 contains the values of r
c
together with the inlet
pressures corresponding to athmospheric outlet pressures for various values of NT
(number of teeth).
Having calculated PNT-l we can now use the rest of equations (3.26) for
i = NT - 1, NT - 2, ... ,3,2
~-l =
and obtain the pressure distribution.
(3.35)
For a given value of Co (cf. equations (3.7) and (3.8) ), J.L (cf. equation (3.12)),
and PIN = Po we can now calculate the leakage flow rate rh and the mass flow
number G.
We consider an example case of a five teeth straight-through labyrinth seal. The
inlet pressure PIN = 477182.614 (Pa), the outlet pressure POUT = 101000.00 (Pa) ,
the inlet temperature TIN = 298.15 (OK), the gas constant R = 287.0 (J /kg OK),
and the annular flow area ANAR = 0.00010126 (m2). Using equation (3.7) for Co
we obtain the leakage flow rate
rh = 0.05370 (kg/8),
and the dimensionless mass flow number
G = 0.32513.
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(3.36)
(3.37)
The related pressure distribution is given in figure 11 where it is compared with a
non-choked case. The non-choked case has the same characteristics except for the inlet
pressure PIN which is taken to be equal to 300 kPa.
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3c. Numerical Calculation of Leakage Flow Rate and
Pressure Distribution
When the discharge flow coefficient Co depends on the pressures on both sides of
the constriction then the procedure described in section 3a and 3b cannot be used. For
a flow coefficient defined by equations (3.4)-(3.6) we must use an iterative procedure to
compute the leakage flow rate m and the labyrinth cavity pressures.
The strategy in obtaining this solution is to first estimate a leakage flow rate m.
Then, starting at the last seal tooth and using that leakage flow rate, march through the
seal to compute a set of cavity pressures using equation (3.3) and determine a boundary
pressure at the other end of the labyrinth·seal. The pressure so obtained is then compared
with the given inlet pressure and the initial leakage flow rate estimate is adjusted.
The precise algorithm is as follows:
1. Equation (3.3) can be written in the form
(3.38)
where Si is given in equation (3.5).
The kinetic energy carry-over coefficient f.1 is taken equal to one for i = 1 and
calculated by equation (3.12) for i > 1. For the last tooth i = NT we fist estimate
P NT-I' Using this PNT-l and the given P NT = POUT into equation (3.5) we obtain
SNT' Using this SNT in equation (3.38) we estimate the leakage flow rate.
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2. Using the so obtained leakage flow rate, which remains constant at all teeth, we can
solve equation (3.38) for i = NT - 1 and obtain SNT-1, since PNT-1 has already
been estimated. The Secant method of root finding is used to obtain this solution.
3. Having obtained SNT-1 we can use
..L~-l =~ (Si + 1)'1-1 ,
with i = NT - 1 to calculate PNT-2 .
(3.39)
4. The above steps are repeated until we reach the first restriction where the coefficient J.L
in equation (3.38) must be replaced with 1. We hence obtain SIt and using equation
(3.39) with i = 1 we obtain Po.
5. We check the so obtained inlet pressure Po, with the given inlet pressure PIN. If
Ipo - PINI is within some error tolerance, then computation is completed.
6. If this condition is not satisfied and Po < PIN, we conclude that the originalPNT-1
estinlate was low; therefore, we multiply PNT- 1 by a value which is greater than one.
6a. With this new PNT-1 , we recalculate the leakage flow rate and the pressure
distribution and check the boundary condition.
6b. Iteration continues until the solution converges.
7. In the case of Po > PIN, at the end of the step 5, we conclude that PNT-1 estinlate
was high; therefore, we multiply PNT-l by a value which is less than one and follow the
steps 6a and 6b.
The above procedure was used to obtain the numerical results included in figure 3
where our predictions are compared to the experimental results of lB. Brownell, lA.
Millward and RJ. Parker [9] for a five teeth straight-through labyrinth seal.
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Similarly the same procedure was used to obtain the numerical results included in
figure 4 where oUf predictions are compared to the experimental results of E. Benvenuti, ,
"G. Ruggeri and E.P. Tomasini [3] for a twelve teeth straight-through labyrinth seal.
The numerical results in figures 5 -7 are also obtained with the above procedure.
In all cases except the last one, studied above, the walls of the cavities are
perpendicular to the rotor wall as mentioned earlier, i.e. -\ = 0°. For the case depicted in
figure 7, we have -\=30 0.
Here we illustrate both the numerical and analytical methods by obtaining the
leakage and pressure distribution for six additional seals. The characteristics of these
seals are depicted in tables 2-4.
Table 2 describes two different operating conditions for a labyrinth seal used in
experiment by D.W. Childs and lK. Scharrer [10].
Table 3 describes two different operating conditions for a labyrinth seal used by
Wachler and Berchert [11] and table 4 describes cases 5 and 6 whose seal geometry is
similar to the one used by Iwatsubo [2].
The results of these calculations are given in tables 5-10.
As it was discussed earlier in section 3b, when the input pressure rises to a given
level for a specific seal (cf. Table 1), the last tooth becomes choked. In this case the
algorithm described above must be modified to include the effect of the choked
constriction. For this case equation (3.38) for i = NT must be replaced with an
analogous equation obtained from equation (3.3) which is rewritten here for i = NT as
(3.40)
Using equations (3.4), (3.5) and the critical condition (3.25)
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..::L
PNT-l = (,+1)1'-1,
PNT 2
we obtain
,-I
SNT= --,2
Using (3.41) and (3.43) in equation (3.40) we obtain
(3.41) .
(3.42)
(3.43)
(3.44)
where b is given byequation (3.27). For air ([ = 1.4) we have CNT = 0.7442 and
consequently
m/RT
J.L ANAR = 0.632 PNT-l. (3.45)
This equation can be used to calculate the mass flow rate when PNT-l is known and
choked condition is present in the last tooth. On the basis of that the algorithm for finding
the leakage and pressure distribution is modified as follows:
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1. We assume that the flow across the last tooth is choked. Using equation (3.41) we
calculate the pressure PNT-l from the given value PNT = POUT. Then using the
equation (3.45) we estimate the leakage flow rate m.
2. We follow the steps 2-5 of the algorithm for the non-choked case described earlier.
3. If the condition given in step 5 is not satisfied and Po < PIN, we conclude that the
leakage flow rate m and the associated pressure PNT- 1 estimates are low, the flow
is choked, and the actual PNT-l is higher than the critical stagnation pressure;
therefore, we multiply PNT-l by a value which is greater than one.
3a. With this new PNT-l we recalculate the leakage flow rate m and the pressure
distribution and check the boundary condition.
3b. We note that it is possible to have a case Po > PIN at the end of step 3a. This does
not mean the flow is non-choked. The flow is still choked, but the value that we
multiplied PNT- 1 in the step 3 is high. In this case we go back to step 3 and make the
value smaller.
3c. Iteration continues until the solution converges.
4. In the case of Po > PIN, at the end of the step 2, we conclude that the leakage flow
rate m and the associated pressure PNT- 1 estimates are high , the flow is
non - choked; therefore, we use the previous algorithm to obtain leakage flow rate m
and pressure distribution.
Figure 12 depicts the results of the numerical calculation for the choked and non-
choked cases studied in section 3b.
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4. Pressure Dependent Discharge Flow Coefficient:
Analytical Solution
In section 3 we described the numerical algorithm used to obtain the leakage flow
rate and the labyrinth seal pressure distribution. The numerical calculation was required
because the discharge flow coefficient was taken to be a function of the pressures on both
sides of the tooth. From tables 5-10 we can see that this dependence although moderate,
may create deviation from the analytical results obtained with the assumption of a constant
discharge flow coefficient. In labyrinth seals where the last toth is choked, this
dependence may be more pronounced as it can be seen from table 12, which contains the
results of our calculation for a case described in table 11.
We have seen that when the discharge flow coefficient is constant, say Co, then
there is an analytical way of obtaining explicitly the leakage flow rate m. In this section
we extend this analytical approach to the case for which the discharge flow coefficient
depends on the pressures on both sides ofthe tooth. This extension is possible for specific
dependencies of the discharge flow coefficient on the pressures.
. ~
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4a. Dependence of Type I
For the special dependence of the flow discharge coefficient on pressure we first
consider the form
(4.1)
where A = 2.68 and B = - 1.45. These coefficients have been selected on the basis
of imitating the behavior described by equation (3.4).
In view of the equation (3.33) the above equation can be written as
(4.2)
In figure 13 we compare the coefficient obtained from (4.2) with the one
obtained from (3.4). For a given inlet to outlet pressure ratio Si has a range depending
on the number of teeth in the labyrinth seal. Here we use a rather wide range of 0 - 0.2.
Using equations (4.1) and (3.1) equation (3.3) can be written for all teeth in the
form
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(4.3)
We add the last NT - 1 of the above equations to obtain
In view of equation (4.1) we see that
NT 1 (P.)~O~ =A(NT-l)+Bln ~ .
t=2 t NT
(4.4)
(4.5)
1\
We eliminate rh by dividing equation (4.4) by the first equation of equations set (4.3),
and we obtain, using equation (4.5),
2 [Pl- P~T] [ (Po)] [ ( P1 )]j.L P~ _pl A+ BIn P
1
- A(NT -1) + BIn PNT = O.
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(4.6)
Since the inlet pressure Po = PIN and the outlet pressure PNT = POUT are given,
equation (4.6) provides the value of Pl' We obtain PI in equation (4.6) using the Secant
method of root finding. Using the so obtained PI we calculate fh by
/\
m=
p,2 _ p2
o I
A +Bln (~)' (4.7)
Having calculated PI and
i = 2,3, ... ,NT - 1
1\
rh we can now use the equation below for
(4.8)
and obtain a specific pressure distribution ~ using the Secant method of root finding
method.
The kinetic energy carry-over coefficient I-" used in equations (4.3)-(4.8) is
assumed to vary with the number of tooth in the labyrinth seal according to equation
(3.12).
Tables 13-14 give the results of the present calculation for the cases 1, 3 of tables
2,3.
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4b. Dependence of Type II
In this section we consider another functional dependence of the flow discharge
coefficient on the pressures on both sides of the tooth.
An analytical solution for the leakage flow rate and associated pressure
distribution can be obtained if the dependence of the flow discharge coefficient on the
pressures is of the form
1
Ci = ylD1 + D2 Cii '
where D1 = 2.69, D2 = - 1.38 and
~-l-~
Cii= •
PIN - POUT
Using the expression (4.9) of Ci into (4.4) we obtain
2 2 fh
2
[ D2 ]P 1 - POUT = -2 (NT -1)D1 + P R (P1 - POUT) •!-L IN - OUT
Similarly from the first of equations (4.3) we have
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(4.9)
(4.10)
(4.11)
(4.12)
Eliminating fh 2 between (4.11) and (4.12) we have an equation for the determination
of Pl' Specifically we have
2 Pf - PkT (NT -l)DI + PIN~~oUT(PI - POUT)
J.L P];;:- Pl DI + PIN~~OUT (PIN - PI)
Equation (4.13) can be rewritten as
where
F
I
= J.L2(DI + E2PIN) +EI - E2PNT ,
E2(1 - J.L2)
(4.13)
(4.14)
(4.15)
(P8UT J.L2 DI +P]N EI)
E2(1 - J.L2)
and
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D2
El = (NT - l)Dll E2 = P R
IN - OUT
(4.16)
The cubic equation (4.14) can be solved analytically by the standard method indicated in
1\
Appendix A, and the pressure Pl is obtained. Then the normalized mass flow rate m
can be calculated either by
or by
1\
m=
1\
m=
p,2(Pf - P8UT)
(4.17)
(4.18)
The remaining pressures P2, Ps, ... , PNT- 2, PNT-l can be obtained by solving a
quadratic equation which is obtained by the combination of equations (4.3) and (4.9).
This quadratic equation is
(4.19)
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where
(4.20)
Tables 15 and 16 give the results of the calculation which use expression (4.9)
for the flow discharge coefficient. The cases studied are case 1 and 3 described in tables
2,3.
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5. Circumferential Velocity Distribution
In the previous section we discussed the leakage flow in labyrinth seals and the
associated pressure distribution. The leakage occurs in the axial direction of the seal and
it is caused by the pressure difference between the inlet and outlet sides of the seal. .In a
hypothetical stationary seal, i.e. a non-rotating shaft situation, which is perfectly
axisymmetric the only flow present is in the axial direction. However when the shaft
rotates with speed wand/or the gas has a initial swirl VIN before it enters the seal, then
the flow of the gas through the seal undergoes a helical motion with a strong
circumferential velocity superimposed on the velocity in the direction of the leakage.
In this section we develop a method for predicting the circumferential velocity
distribution in the seal. This distribution is of importance in determining the fluid induced
stresses on a rotating shaft. These stresses are needed for the stability analysis of the
shaft.
In this thesis no stability analysis is undertaken. However the zero order prediction
of the circumferential velocities is more appropriately done in conjunction with the zeroth
order pressure distribution analysis and leakage flow prediction which is the main subject
of this thesis.
By zeroth order prediction, we mean the velocity and pressure field present in the
case of a perfectly centered shaft in relation to the stator. Of course for the stability
analysis one should consider a displacement of the shaft which creates an asymmetry and a
subsequent fluid-solid interaction. One then solves the first order problem.
As was the case during our discussion of the pressure distribution, we make here
as well the same assumption that·the circumferential velocities are different from cavity to
cavity, but sufficiently similar in a single cavity to permit a bulk representation of them
with constant Vi where i denotes a particular cavity. Of course the effects of the seal
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walls are incorporated by the introduction of boundary layers. Due to the complex
geometry of seal walls the hydraulic diameter approximation is used in modeling the cavity
flow by usual pipe flow solutions.
We begin our analysis by discussing the circumferential momentum equation.
The rate of momentum entering a cavity i is given by
f . rhVi-lRate 0 momentum m = 27["Rs ' (5.1)
where rh is the mass flow rate in the axial direction calculated by one of the methods
described in section 3 or 4, and Vi-l is the bulk circumferential velocity in the previous
cavity, and Rs is the shaft radius.
Similarly the rate of momentum exiting the cavity i is given by
rh\!;
Rate 0 f momentum out = -Rt •27[" S (5.2)
Since the flow is perfectly axisymmetric, we consider the rate of momentum
change in the cavity i per unit circumferential length and hence avoid the vector
treatment of the velocities Vi and Vi-l'
The per unit circumferential length force acting on the gas in a cavity i can be
written as
(5.3)
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where ari and aSi are given by (2.4) and (2.6). Li is the pitch of cavity and the shear
stresses Tri and T si are to be calculated using appropriate boundary layer models.
The resulting momentum equation is
(5.4)
In this equation Tri and T si represent the shear stresses acting on the walls generated
by the gas moving relative to the labyrinth seal walls. These stresses depend on various
parameters such as the velocities Vi, the angular speed of the rotor w, the gas
viscosity, density and pressure as well as on the geometry of the seal.
Here we follow the simplest approach of modeling a single cavity of the seal as a
pipe having a diameter equal to the hydraulic diameter of the cavity defined by
Dh = 2(Cr+B)L.
Cr+B+L (5.5)
Figure 14 shows the area of the flow and wetted perimeter used in deriving equation
(5.5).
Even though we will use the pipe flow model for obtaining the wall shear stresses,
we should point out that when we consider the boundary layer attached to the rotor wall,
the the velocity of the gas in cavity i relative fo the wall is
(5.6)
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where w is positive if it is in the positive direction of circumferential velocities. The
relative velocity (UG/RW)i may be positive or negative depending of the condition of the
seal. If, for example, the gas has a positive inlet swirl and the saft is stationary, then
(UG/ RW )i is positive in all cavities. If, on the other hand, there is no inlet swirl but the
shaft is rotating, then (UG/RW)i will be negative for all i.
When we consider the boundary layer attached to the stator wall, the velocity of
the gas in cavity i relative to the wall is similarly
(UG/SW)i = Vi , (5.7)
and it can also be positive or negative depending on the condition of the problem.
Consequently, when we consider the shear stresses acting on the walls of the
labyrinth seals, we must calculate two relevant Reynolds numbers. For the boundary
layer attached to the rotor,
(5.8)
For the boundary layer attached to the stator,
(5.9)
We should note that as the pressure changes from cavity to cavity, the density changes
according to the gas law (3.2).
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In this thesis we consider the isothermal seal case, consequently equation (3.2)
gives
I'i
Pi = Pi-l ~,
.ri-l
which can also be written, by the use of equation (3.5),
(5.10)
(5.11)
In addition the viscosity of the gas I-Li can be taken to be constant and equal to its value
at inlet temperature TIN.
Using the Blasius correlation for turbulent flow in smooth pipes, valid for
Re ::; 105 [12],
(5.12)
we can derive the following expressions for the shear stresses at the walls:
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5a. Case of Constant Discharge Flow Coefficient
As it was mentioned in sections 3a and 3b, the leakage flow rate rh and the
pressure distribution ~ in the labyrinth seal can be obtained analytically when the
discharge flow coefficient Co has the same value at each constriction.
In this section we continue with the analysis for this particular case of constant Co
and describe the methods used in obtaining the circumferential velocities Vi for each
cavity i of the labyrinth seal. Four different dynamical conditions may be considered.
These are: no rotation with some initial entrance swirl, rotating shaft without entrance '
swirl, rotating shaft with favorable inlet swirl and rotating shaft with opposing inlet swirl.
'Table 17 summarises the geometrical, dynamical and pressure conditions of four
examples studied in this section. In all of these four examples the pressure conditions are
such that the seals are not choked. The same set of dynamical conditions are studied for
geometrical and pressure conditions which cause the last tooth to be choked. These latter
examples are summarized in table 18.
In this section we illustrate two different methods in obtaining the circumferential
velocities distributions in all of the eight examples cases described.
The first method consists of solving implicitly at each cavity i the circumferential
momentum equation (5.4). We note that the right hand side of equation (5.4) depends
on Vi. This can be seen from equations (5.13)-(5.14) and (5.6)-(5.9). Consequently,
in order to obtain Vl, from the known inlet swirl velocity va, one must solve implicitly
equation (5.4).
The implicit solution procedure is as follows:
1. We first calculate the shear stresses at the wall defined by equations (5.13) and (5.14)
at the first cavity using the inlet circumferential velocity va instead of Vl'
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2. Then we calculate the circumferential velocity Vi using these calculated shear stresses
in equation (5.4) with Vi-I = va.
3. Then we follow an iteration which recalculates the shear stresses using the latest Vi
and recalculates Vi using the latest shear stresses in equation (5.4) with Vi-I = va until
it converges.
4. For the next cavities (i = 2,3, ... ,NT - 1), we follow the same procedure but we use
Vi-I to start the calculation of Vi.
In the second method used in this section the iteration part of the above algorithm
is deleted. This makes the calculation of the circumferential velocities distribution explicit.
The physical significance of this simplification is that the Reynolds numbers in cavity i are
calculated by using the proper pressure and density conditions but the velocities of the gas
of the previous cavity i - 1. Since the circumferential velocities do not change
significantly from cavity to cavity, this method produces reasonably acceptable results.
When we make this simplification, the circumferential momentum equation (5.4) reduces
to a quadratic equation. The circumferential velocities can be calculated by solving this
quadratic equation for each cavity i.
The results obtained by these two different methods are summarized in tables 19 -
21.
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5b. Case of Pressure Dependent Discharge Flow
Coefficient: Numerical Solution
As it was explained in section 3c, the leakage flow rate rh and the pressure
distribution Pi, in the labyrinth seal have to be obtained numerically when the discharge
flow coefficient Ci is taken to be a function of the pressures on both sides of the tooth.
In this section we continue with the analysis for this case of pressure dependent
discharge flow coefficient Ci defmed byequation (3.4) and use the implicit procedure,
described in section Sa, in obtaining the circumferential velocities Vi for each cavity i
of the labyrinth seal.
Table 17 summarises the geometrical, dynmical and pressure condition of four
examples studied in this section. In all of these four examples the pressure conditions are
such that the seals are not choked. The same set of dynamical conditions are studied for
geometrical and pressure conditions which cause the last tooth to choked. These latter
examples are summarized in table 18.
The results obtained by this method are summarized in tables 22-24.
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5cI Case of Pressure Dependent Discharge Flow
Coefficient: Analytical Calculation
As it was explained in section 4b, the leakage flow rate rh and the pressure
distribution ~ in the labyrinth seal can be obtained analytically when the discharge
flow coefficient Ci is given by equation (4.9).
In this section we continue with the analysis for this case of pressure dependent
discharge flow coefficient Ci , and use the methods described in section 5a in obtaining
the circumferential velocities Vi for each cavity i of the labyrinth seal.
Table 17 summarises the geometrical, dynamical and pressure conditions of four
examples sutudied in this section. In all of these four examples the pressure conditions are
such that the seals are not choked.
The circumferential velocities obtained for these four examples, using the methods
described in section 5a are summurized in tables 25 and 26. We note that the explicit
method for this case is a completely analytical, explicit solution.
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6. Conclusions
In this thesis we presented some mathematical models used in the prediction of the
leakage flow rate in labyrinth seals.
The discharge flow coefficient and the kinetic energy carry-over coefficient are
two factors appearing in these prediction models.
In this thesis the kinetic energy carry-over coefficient is taken to depend only on
the number of teeth in the labyrinth seal. A specific linear relationship is shown to
produce results which compare well with existing experimental findings.
In this thesis we also arrive at several conclusions concerning the form of the
discharge flow coefficient. First, we conclude that when this coefficient can be assumed
to be constant, then the leakage flow rate and the associated pressure distribution can be
determined by explicit analytic formulas. Such predictions are shown to agree reasonably
well with experimental results and with numerical calculations based on more complex
models.
We also considered some cases where the dependence of the discharge flow
coefficient on the pressure levels must be taken into account. In these cases we concluded
that two different formulations have the adventage of producing explicit, for the most part,
analytic formulas for the leakage flow rate and the associated pressure distribution while at
the same time are capable of reproducing experimental results and numerical results based
on more complex models.
This methodology is also extended to the calculation of the circumferential
velocities in the cavities of labyrinth seals. Here the simplification consists of modifying
standard shear stress formulas so that when the calculation is done in a specific cavity, the
Reynolds number used is the one calculated in the previous cavity.
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Table 1. The values of T
c
together with the inlet pressures corresponding to
athmospheric outlet pressure for various values of NT (Number of teeth).
Number of Teeth (NT) Tc (P1N)c (Pa)
2 2.567 259300.328
3 3.103 313450.220
4 3.564 359993.287
5 3.976 401583.167
6 4.352 439627866
7 4.702 474980.028
8 5.031 508201.870
9 5.343 539686.948
10 5.640 569723.274
11 5.926 598528.999
12 6.200 626273.952
13 6.466 653093.340
14 6.723 679096.830
15 6.974 704374.791
16 7.217 729002.698
17 7.455 753044.333
18 7.688 776554.150
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Table 2. Description of the geometry and the operating conditions for case 1 and case 2
for a labyrinth seal used in experiment by D.W. Childs and J.K. Scharrer [10].
Geometry and Operating Conditions Case 1 Case 2
Inlet Pressure, (PIN) 308 (kPa) 722 (kPa)
Outlet Pressure, (POUT) 101 (kPa) 101 (kPa)
Inlet Temperature, (TIN) 298.15 (K) 298.15 (K)
Clearance, (Ori) 0.33 (mm) 0.5 (mm)
Rotor Radius, (Rsi) 75.6 (mm) 75.6 (mm)
Tooth Hight, (Bi) 3.175 (mm) 3.175 (mm)
Tooth Pitch, (Li) 3.175 (mm) 3.175 (mm)
Number of Teeth, (NT) 16 16
Tooth Side Stator Stator
Gas Air Air
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Table 3. Description of the geometry and the operating conditions for case 3 and case 4
for a labyrinth seal used by Wachler and Berchert [11].
Geometry and Operating Conditions Case 3 Case 4
Inlet Pressure, (PIN) 295 (kPa) 143 (kPa)
Outlet Pressure, (POUT) 94.3 (kPa) 94.3 (kPa)
Inlet Temperature, (TIN) 399.2 (K) 324.7 (K)
Clearance, (Cri) 0.25 (mm) 0.25 (mm)
Rotor Radius, (Rsi) 150.0 (mm) 150.0 (mm)
Tooth Height, (Bi) 2.75 (mm) 2.75 (mm)
Tooth Pitch, (Li) 5.0 (mm) 5.0 (mm)
Number of Teeth, (NT) 18 18
Tooth Side Stator Stator
Gas Air Air
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Table 4. Description of the geometry and the operating conditions for case 5 and case 6
for a labyrinth seal whose seal geometry is similar to the one used by Iwatsubo [2].
Geometry and Operating Conditions Case 5 Case 6
Inlet Presstfre, (PIN) 300 (kPa) 150 (kPa)
Outlet Pressure, (POUT) 94.3 (kPa) 94.3 (kPa)
Inlet Temperature, (TIN) 324.7 (K) 324.7 (K)
Clearance, (Cri) 0.1585 (mm) 0.1585 (mm)
Rotor Radius, (Rsi) 101.6 (mm) 101.6 (mm)
Tooth Height, (Bi) 5.0305 (mm) 5.0305 (mm)
Tooth Pitch, (Li) 12.918 (mm) 12.918 (mm)
Number of Teeth, (NT) 5 5
Tooth Side Stator Stator
Gas Air Air
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Table 5: Results of calculation for the labyrinth seal of case 1. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
Sa) Leakage flow rate and associated parameters.
5b) Pressure distribution.
5c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (m) (kg/8) 0.04799 0.04693
Mass flow number, (G) 0.29014 0.28376
Kinetic energy carry-over coefficient, (p,) 2.18649 2.18649
Table Sa
Cavity ~ (kPa)
Number
2 Numerical Analytical
O· 308.000 308.000
1 273.609 272.767
2 265.448 264.805
3 257.037 256.596
4 248.352 248.116
5 239.366 239.335
6 230.043 230.220
7 220.346 220.729
8 210.225 210.811
9 199.620 200.403
10 188.457 189.423
11 176.640 177.767
12 164.042 165.291
13 150.492 151.793
14 135.746 136.971
15 119.441 120.337
16 101.000 101.000
Table 5b
SO
Table 5 continued
Teeth Si Ci
Number
~ Numerical Analytical Numerical Analytical
1 0.03440 0.03531 0.6318 0.611
2 0.00868 0.00849 0.6162 0.611
3 0.00924 0.00903 0.6165 0.611
4 0.00986 0.00964 0.6169 0.611
5 0.01058 0.01034 0.6173 0.611
6 0.01141 0.01115 0.6178 0.611
7 0.01238 0.01210 0.6184 0.611
8 0.01352 0.01322 0.6191 0.611
9 0.01489 0.01457 0.6199 0.611
10 0.01657 0.01622 0.6209 0.611
11 0.01867 0.01831 0.6222 0.611
12 0.02136 0.02100 0.6238 0.611
13 0.02493 0.02463 0.6260 0.611
14 0.02990 0.02979 0.6290 0.611
15 0.03723 0.03768 0.6336 0.611
16 0.04908 0.05132 0.6410 0.611
Table 5c
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Table 6: Results of calculation for the labyrinth seal of case 2. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
6a) Leakage flow rate and associated parameters.
6b) Pressure distribution.
6c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (m) (kg/ 8 ) 0.18116 0.17492
Mass flow number, (G) 0.30802 0.29742
Kinetic energy carry-over coefficient, (/1) 2.18649 2.18649
Table 6a
Cavity ~ (kPa)
Number
~ Numerical Analytical
0 722.000 722.000
1 631.297 630.683
2 609.399 609.855
3 586.718 588.291
4 563.165 565.905
5 538.634 542.597
6 512.994 518.241
7 486.083 492.683
8 457.697 465.725
9 427.570 437.106
10 395.349 406.478
11 360.547 373.346
12 322.461 336.972
13 280.015 296.163
14 231.445 248.748
15 173.593 189.837
16 101.000 101.000
Table 6b
52
Table 6 continued
Teeth Si Ci
Number
i Numerical Analytical Numerical Analytical
1 0.03910 0.03939 0.6347 0.611
2 0.01013 0.00964 0.6170 0.611
3 0.01089 0.01033 0.6175 0.611
4 0.01177 0.01114 0.6180 0.611
5 0.01280 0.01120 0.6186 0.611
6 0.01403 0.01320 0.6194 0.611
7 0.01551 0.01455 0.6203 0.611
8 0.01734 0.01620 0.6214 0.611
9 0.01964 0.01828 0.6228 0.611
10 0.02263 0.02097 0.6246 0.611
11 0.02667 0.02459 0.6271 0.611
12 0.03241 0.02972 0.6306 0.611
13 . 0.04114 0.03757 0.6360 0.611
14 ·0.05593 0.05111 0.6453 0.611
15 0.08564 0.08028 0.6644 0.611
16 0.16735 0.19757 0.7204 0.611
Table 6c
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Table 7: Results of calculation for the labyrinth seal of case 3. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
7a) Leakage flow rate and associated parameters.
7b) Pressure distribution.
7c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (rh) (kg/ 8 ) 0.06006 0.05881
Mass flow number, (G) 0.29226 0.28618
Kinetic energy carry-over coefficient, (/-L) 2.34469 2.34469
Table 7a
Cavity ~ (kPa)
Number
1. Numerical Analytical
0 295.000 295.000
1 261.584 260.638
2 254.673 253.888
3 247.575 246.954
4 240.274 239.819
5 232.753 232.466
6 224.989 224.872
7 216.959 217.013
8 208.634 208.858
9 199.978 200.371
10 190.951 191.509
11 181.499 182.216
12 171.560 172.423
13 161.052 162.040
14 149.866 150.944
15 137.857 138.964
16 124.822 125.850
17 110.460 111.199
18 94.300 94.300
Table 7b
54
Table 7 continued
Teeth Sj OJ
Number
2 Numerical Analytical Numerical Analytical
1 0.03494 0.03601 0.6321 0.611
2 0.00767 0.00752 0.6155 0.611
3 0.00810 0.00794 0.6158 0.611
4 0.00858 0.00841 0.6161 0.611
5 0.00912 0.00893 0.6164 0.611
6 0.00973 0.00953 0.6168 0.611
7 0.01043 0.01021 0.6172 0.611
8 0.01124 0.01100 0.6177 0.611
9 0.01217 0.01192 0.6183 0.611
10 0.01328 0.01300 0.6189 0.611
11 0.01460 0.01431 0.6197 0.611
12 0.01622 0.01590 0.6207 0.611
13 0.01822 0.01790 0.6219 0.611
14 0.02078 0.02047 0.6235 0.611
15 0.02415 0.02390 0.6255 0.611
16 0.02878 0.02872 0.6284 0.611
17 0.03554 0.03599 0.6325 0.611
18 0.04623 0.04822 0.6392 0.611
Table 7c
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Table 8: Results of calculation for the labyrinth seal of case 4. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
8a) Leakage flow rate and associated parameters.
8b) Pressure distribution.
8c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (rh) (kg / 8 ) 0.02531 0.02508
Mass flow number, (G) 0.22916 0.22705
Kinetic energy carry-over coefficient, (p,) 2.34469 2.34469
Table 8a
Cavity Pi (kPa)
Number
i Numerical Analytical
0 143.000 143.000
1 132.994 132.759
2 131.029 130.810
3 129.034 128.831
4 127.008 126.822
5 124.950 124.780
6 122.859 122.705
7 120.732 120.594
8 118.567 118.445
9 116.363 116~256
10 114.118 114.025
11 111.828 111.750
12 109.492 109.428
13 107.105 107.055
14 104.666 104.628
15 102.171 102.114
16 99.614 99.598
17 96.992 96.985
18 94.300 94.300
Table 8b
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Table 8 continued
Teeth Si Ci
Number
i Numerical Analytical Numerical Analytical
1 0.02094 0.02145 0.6236 0.611
2 0.00426 0.00423 0.6135 0.611
3 0.00439 0.00436 0.6136 0.611
4 0.00453 0.00450 0.6137 0.611
5 0.00467 0.00464 0.6138 0.611
6 0.00483 0.00480 0.6139 0.611
7 0.00500 0.00497 0.6140 0.611
8 0.00518 0.00515 0.6141 0.611
9 0.00537 0.00534 0.6142 0.611
10 0.00558 0.00555 0.6143 0.611
11 0.00580 0.00577 0.6144 0.611
12 0.00605 0.00601 0.6146 0.611
13 0.00631 0.00628 0.6147 0.611
14 0.00660 0.00657 0.6149 0.611
15 0.00691 0.00688 0.6151 0.611
16 0.00726 0.00723 0.6153 0.611
17 0.00765 0.00762 0.6155 0.611
18 0.00807 0.00805 0.6158 0.611
Table 8c
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Table 9: Results of calculation for the labyrinth seal of case 5. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
9a) Leakage flow rate and associated parameters.
9b) Pressure distribution.
9c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (rh) (kg/ 8 ) 0.03382 0.03173
Mass flow number, (G) 0.33993 0.31889
Kinetic energy carry-over coefficient, (f.L) 1.31639 1.31639
Table 9a
Cavity ~ (kPa)
Number
i Numerical Analytical
0 300.000 300.000
1 254.272 255.879
2 223.010 226.573
3 187.548 192.841
4 145.870 151.789
- 5 94.300 94.300
Table 9b
Teeth Si Ci
Number
~ Numerical Analytical Numerical Analytical
1 0.04838 0.04647 0.6405 0.611
2 0.03819 0.03538 0.6342 0.611
3 0.05072 0.04713 0.6420 0.611
4 0.07444 0.07078 0.6571 0.611
5 0.13273 0.14568 0.6960 0.611
Table 9c
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Table 10: Results of calculation for the labyrinth seal of case 6. Analytical results for
constant discharge flow coefficient are compared with the results of the numerical
solution.
lOa) Leakage flow rate and associated parameters.
lOb) Pressure distribution.
1Oc) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (rh) (kg/ 8 ) 0.01334 0.01299.
Mass flow number, (G) 0.26825 0.26123
Kinetic energy carry-over coefficient, (p,) 1.31639 1.31639
Table lOa
Cavity I'i (kPa)
Number
~ Numerical Analytical
0 150.000 150.000
1 135.656 135.597
2 126.478 126.543
3 116.643 116.788
4 105.993 106.141
5 94.300 94.300
Table lOb
Teeth Si Ci
Number
~ Numerical Analytical Numerical Analytical
1 0.02913 0.02926 0.6286 . 0.611
2 0.02021 0.01994 0.6231 0.611
3 0.02339 0.02318 0.6251 0.611
4 0.02773 0.02768 0.6277 0.611
5 0.03396 0.03437 0.6315 0.611
Table 10c
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Table 11. Description of the the geometry and the operating conditions for case 7 for a
labyrinth seal where the last tooth is choked.
Geometry and Operating Conditions Case 7
Inlet Pressure, (PIN) 477.182614 (kPa)
Outlet Pressure, (POUT) 101 (kPa)
Inlet Temperature, (TIN) 298.15 (K)
Clearance, (Ori) 0.1585 (mm)
Rotor Radius, (RSi) 101.6 (mm)
Tooth Hight, (Bi) 5.0305 (mm)
Tooth Pitch, (L i ) 12.918 (mm)
Number of Teeth, (NT) 5
Tooth Side Stator
Gas Air
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Table 12. Results of calculation for the labyrinth seal of case 7. Analytical results for
~
constant discharge flow coefficient are compared with the results of the numerical
solution.
12a) Leakage flow rate and associated parameters.
12b) Pressure distribution.
12c) Parameter Si defined by (3.5) and discharge flow coefficient Ci.
Numerical Analytical
Leakage flow rate, (m) (kg/a) 0.05885 0.05370
Mass flow number, (G) 0.35629 0.32512
Kinetic energy carry-over coefficient, (p) 1.31639 1.31639
Table 12a
Cavity ~ (kPa)
Number
'L Numerical Analytical
0 477.182614 477.182614
1 397.463723 404.015125
2 342.002137 354.995750
3 278.035962 298.019703
4 200.938244 227.177253
5 101.000000 101.000000
Table 12b
Teeth Si Ci
Number
'L Numerical Analytical Numerical Analytical
1 0.05361 0.04870 0.6438 0.611
2 0.04387 0.03764 0.6377 0.611
3 0.06094 0.05125 0.6485 0.611
4 0.09722 0.08063 0.6720 0.611
5 0.21717 0.26061 0.757 0.611
Table 12c
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Table 13: Results of calculation for the labyrinth seal of case 1. Results for discharge
flow coefficient defined by (4.1).
13a) Leakage flow rate and associated parameters.
13b) Pressure distribution.
13c) Parameter Si and discharge flow coefficient Ci defined by (4.2).
Using dependence of type I for Ci
Leakage flow rate, (m) (kg/ 8 ) 0.04796
Mass flow number, (G) 0.28996
Kinetic energy carry-over coefficient, (Il-) 2.18649
Table 13a
Cavity Pi (kPa)
Number
~ Using dependence of type I for Ci
0 308.000
1 273.601
2 265.442
3 257.034
4 248.351
5 239.367
6 230.046
7 220.350
8 210.230
9 199.627
10 188.464
11 176.647
12 164.049
13 150.498
14 135.749
15 119.442
16 101.000
Table 13b
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Table 13 continued
Teeth Using dependence of type I
Number
~ Si Ci
1 0.03441 0.6314
2 0.00868 0.6159
3 0.00923 0.6162
4 0.00986 0.6166
5 0.01058 0.6170
6 0.01141 0.6175
7 0.01237 0.6180
8 0.01352 0.6187
9 0.01489 0.6195
10 0.01657 0.6205
11 0.01867 0.6218
12 0.02136 0.6234
13 0.02493 0.6256
14 0.02990 0.6286
15 0.03724 0.6331
16 0.04908 0.6406
Table 13c
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Table 14: Results of calculation for the labyrinth seal of case 3. Results for discharge
flow coefficient defined by (4.1).
14a) Leakage flow rate and associated parameters.
14b) Pressure distribution.
14c) Parameter Si and discharge flow coefficient Ci defined by (4.2).
Using dependence of type I for Ci
Leakage flow rate, (rh) (kg/ 8 ) 0.06002
Mass flow number, (G) 0.29208
Kinetic energy carry-over coefficient, (J.L) 2.34469
Table 14a
Cavity ~ (kPa)
Number
'Z Using dependence of type I for Ci
0 295.000
1 261.576
2 254.667
3 247.571
4 240.272
5 232.752
6 224.990
7 216.962
8 208.638
9 199.984
10 190.958
11 181.507
12 171.569
13 161.060
14 149.874
15 137.864
16 124.827
17 110.462
18 94.300
Table 14b
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Table 14 continued
Teeth Using dependence of type I
Number
~ Hi Ci
1 0.03495 0.6317
2 0.00767 0.6153
3 0.00810 0.6155
4 0.00858 0.6158
5 0.00912 0.6161
6 0.00973 0.6165
7 0.01043 0.6169
8 0.01124 0.6174
9 0.01217 0.6179
10 0.01328 0.6186
11 0.01460 0.6194
12 0.01621 0.6203
13 0.01822 0.6215
14 0.02078 0.6231
15 0.02415 0.6251
16 0.02878 0.6279
17 0.03554 0.6321
18 0.04623 0.6387
Table 14c
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Table 15: Results of calculation for the labyrinth seal of case 1. Results for discharge
flow coefficient defined by (4.9).
15a) Leakage flow rate and associated parameters.
15b) Pressure distribution.
15c) Parameter Si and discharge flow coefficient Ci.
Using dependence oftype II for Ci
Leakage flow rate, (rh) (kg/s) 0.04785
Mass flow number, (G) 0.28928
Kinetic energy carry-over coefficient, (p) 2.18649
Table 15a
Cavity ~ (kPa)
Number
't Using dependence of type II for Ci
0 308.000
1 274.385
2 266.288
3 257.943
4 249.325
5 240.406
6 231.150
7 221.517
8 211.458
9 200.908
10 189.790
11 177.999
12 165.397
13 151.788
14 136.886
15 120.229
16 101.000
Table 15b
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Table 15 continued .
Teeth Using dependence of type II
Number
'Z Si Ci
1 0.03357 0.6368
2 0.00859 0.6159
3 0.00913 0.6161
4 0.00975 0.6163
5 0.01046 0.6163
6 0.01128 0.6168
7 0.01223 0.6171
8 0.01336 0.6174
9 0.01472 0.6178
10 0.01639 0.6182
11 0.01849 0.6188
12 0.02120 0.6194
13 0.02483 0.6202
14 0.02996 0.6212
15 0.03776 0.6226
16 0.05105 0.6247
Table 15c
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Table 16: Results of calculation for the labyrinth seal of case 3. Results for discharge
flow coefficient defined by (4.9).
16a) Leakage flow rate and associated parameters.
16b) Pressure distribution.
16c) Parameter Si and discharge flow coefficient Ci.
Using dependence of type IT for Ci
Leakage flow rate, (rh) (kg / 8 ) 0.05989
Mass flow number, (G) 0.29139
Kinetic energy carry-over coefficient, (/-L) 2.34469
Table 16a
Cavity I'i (kPa)
Number
i Using dependence of type IT for Ci
0 295.000
1 262.312
2 255.451
3 248.404
4 241.155
5 233.686
6 225.975
7 217.999
8 209.722
9 201.114
10 192.131
11 182.717
12 172.804
13 162.304
14 151.098
15 139.019·
16 125.827
17 111.142
18 94.300
Table 16b
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Table 16 continued
Teeth Using dependence of type I
Number
't S- Cit
1 0.03412 0.6317
2 0.00760 0.6153
3 0.00802 0.6155
4 0.00849 0.6158
5 0.00902 0.6161
6 0.00963 0.6165
7 0.01032 0.6169
8 0.01111 0.6174
9 0.01204 0.6179
10 0.01314 0.6186
11 0.01445 0.6194
12 0.01606 0.6203
13 0.01807 0.6215
14 0.02065 0.6231
15 0.02408 0.6251
16 0.02889 0.6279
17 0.03609 0.6321
18 0.04807 0.6387
Table 16c
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Table 17. Description of the geometrical, dynamical and pressure condition of examples
1-4 studied in section 5.
Non-choked case examples
Inlet pressure, (PIN) 295 (kPa)
Outlet pressure, (POUT) 94.3 (kPa)
Inlet temperature, (TIN) 399.2 (K)
Geometry Same as in case 3 of table 3
Shaft speed, (w) a 5000 (rpm) 5000 (rpm) 5000 (rpm)
Inlet swirl velocity, (Vi» 10 (m/s) a(m/s) 10 (m/s) -10 (m/s)
Example # 1 2 3 4
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Table 18. Description of the geometrical, dynamical and pressure condition of examples
5-8 studied in section 5.
Choked case examples
Inlet pressure, (PIN) 477.182614 (kPa)
.~./
Outlet pressure, (POUT) 101 (kPa)
Inlet temperature, (TIN) 298.15 (K)
Geometry Same as in case 7 of table 11
Shaft speed, (w) 0 5000 (rpm) 5000 (rpm) 5000 (rpm)
Inlet swirl velocity, (VO) 10 (mls) o(mls) 10 (mls) - 10 (mls)
Example # 5 6 7 8
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Table 19. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Results of
implicit solution are compared to results of explicit solution described in section Sa. Case
of canstant discharge flow coefficient.
Circumferential Example # 1 Example#2
Velocities
(m/s)
Implicit Explicit Implicit Explicit
Vi 9.728 9.729 3.137 3.131
V2 9.473 9.476 5.962 5.919
V3 9.234 9.239 8.492 8.420
114 9.010 9.016 10.752 10.657
Vii 8.801 8.807 12.765 12.653
Vi> 8.604 8.611 14.555 14.430
117 8.420 8.428 16.144 16.010
VB 8.247 8.256 17.553 17.412
V9 8.085. 8.094 18.801 18.657
VlO 7.934 7.943 19.905 19.760
ViI 7.793 7.802 20.881 20.735
Vi2 7.661 7.671 21.741 21.597
Vi3 7.539 7.549 22.498 22.357
V14 7.426 7.437 23.163 23.025
Vis 7.323 7.334 23.743 23.609
Vi6 7.229 7.240 24.246 24.116
Vi7 7.145 7.156 ·24.676 24.551
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Table 20. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Results of
implicit solution are compared to results of explicit solution described in section Sa. Case
of canstant discharge flow coefficient.
Circumferential Example #3 Example # 4
Velocities
(m/s)
Implicit Explicit Implicit Explicit
Vi 12.249 12.217 - 6.051 - 6.099
V2 14.243 14.186 - 2.515 - 2.596
V3 16.008 15.933 0.695 0.592
V4 17.570 17.479 3.604 3.468
lfs 18.949 18.848 6.224 6.068
V6 20.166 20.059 8.576 8.403
V7 21.241 21.129 10.679 10.495
VB 22.189 22.074 12.556 12.365
vg 23.024 22.910 14.227 14.032
Via 23.761 23.647 15.712 15.515
Vil 24.409 24.297 17.030 16.833
Vi2 24.979 24.870 18.196 18.002
Vis 25.480 25.373 19.226 19.035
V14 25.919 25.815 20.132 19.945
Vi5 26.301 26.201 20.924 20.742
Vi6 26.631 26.535 21.613 21.436
V17 26.914 26.821 22.202 22.031
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Table 21. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 18. Results of
implicit solution are compared to results of explicit solution described in section Sa. Case
of canstant discharge flow coefficient.
Circumferential Example # S Example # 6
Velocities
(m/s)
Implicit Explicit Implicit Explicit
Vi 9.392 9.400 3.898 3.906
V2 8.891 8.905 6.926 7.070
va 8.486 8.502 9.221 9.591
V4 8.176 8.195 10.874 11.499
Circumferential Example #7 Example # 8
Velocities
(m/s)
Implicit Explicit Implicit Explicit
Vi 12.257 12.200 - 4.624 - 4.735
V2 13.971 13.884 - 0.434 - 0.600
va 15.252 15.150 2.820 2.704
V4 16.166 16.060 5.198 5.055
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Table 22. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Case of pressure
dependent discharge flow coefficient.
Circumferential Example # 1 Example#2
Velocities
(m/s)
Numerical Numerical
Vi 9.732 3.085
Vi! 9.482 5.866
V3 9.247 8.361
~ 9.027 10.592
V5 8.820 12.583
116 8.627 14.356
V7 8.445 15.932
VB 8.275 17.331
vg 8.116 18.573
Via 7.967 19.673
ViI 7.828 20.646
Vi2 7.699 21.505
Vis 7.579 22.263
Vi4 7.468 22.928
Vi5 7.366 23.511
Vi6 7.274 24.016
Vi7 7.191 24.450
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Table 23. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Case of pressure
dependent discharge flow coefficient.
Circumferential Example #3 Example#4
Velocities
(m/s)
Numerical Numerical
Vi 12.212 - 6.116
V2 14.176 - 2.635
V3 15.918 0.527
V4 17.460 3.396
V5 18.825 5.985
VB 20.032 8.312
Vr 21.098 10.396
VB 22.040 12.258
vg 22.872 13.919
Via 23.606 15.398
Vil 24.254 16.711
Vi2 24.824 17.875
Vi3 25.325 18.904
V14 25.765 19.811
Vis 26.148 20.605
V16 26.481 21.297
Vir 26.766 21.891
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Table 24. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 18. Case of pressure
dependent discharge flow coefficient.
Circumferential Example # 5 Example #6
Velocities
(m/s)
Numerical Numerical
Vi 9.446 3.567
V2 8.993 6,343
V3 8.631 8.439
V4 8.363 9.921
Circumferential Example #7 Example # 8
Velocities
(m/s)
Numerical Numerical
Vi 12.070 - 5.071
V2 13.648 - 1.247
V3 14.823 1.702
114 15.645 3.817
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Table 25. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Results of
implicit solution are compared to results of explicit solution described in section Sc. Case
of special dependence of the discharge flow coefficient on pressure.
Circumferential Example # 1 Example#2
Velocities
(m/s)
Implicit Explicit Implicit Explicit
Vi 9.731 9.733 3.099 3.093
112 9.479 9.482 5.892 5.851
V3 9.243 9.248 8.397 8.327
V4 9.022 9.028 10.637 10.544
115 8.815 8.821 12.635 12.525
Vi> 8.620 8.628 14.413 14.290
V7 8.438 8.446 15.994 15.861
VB 8.267 8.276 17.397 17.258
vg 8.107 8.116 18.641 18.499
Via 7.957 7.967 19.742 19.599
Vi! 7.818 7.827 20.717 20.574
Vi2 7.687 7.697 21.577 21.436
Vis 7.567 7.577 22.336 22.196
Vi4 7.455 7.465 23.002 22.865
Vi5 7.353 7.363 23.584 23.451
Vi6 7.260 7.270 24.088 23.960
Vi7 7.177 7.188 24.521 24.396
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Table 26. Results of calculation of the circumferential velocities for a labyrinth seal whose
geometrical, dynamical and pressure condition are described in table 17. Results of
implicit solution are compared to results of explicit solution described in section Sc. Case
of special dependence of the discharge flow coefficient on pressure.
Circumferential Example # 3 Example # 4
Velocities
(mls)
Implicit Explicit Implicit Explicit
Vi 12.222 12.191 - 6.099 - 6.145
V2 14.194 14.139 - 2.602 - 2.681
113 15.943 15.869 0.574 0.472
V4 17.491 17.403 3.455 3.320
Vi; 18.860 18.762 6.053 5.898
VB 20.070 19.965 8.388 8.217
V7 21.140 21.030 10.478 10.297
VB 22.084 21.972 12.346 12.157
vg 22.917 22.804 14.011 13.817
Via 23.653 23.540 15.492 15.297
Vil 24.301 24.190 16.808 16.613
Vi2 24.872 24.763 17.974 17.781
V13 25.373 25.268 19.004 18.814
Vi4 25.813 25.710 19.911 19.726
V15 26.196 26.097 20.706 20.525
Vi6 26.528 26.433 21.396 21.221
Vir 26.812 26.720 21.988 21.818
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Figure 1. Geometry of a straight - through labyrinth seal. Teeth on stator.
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a. Teeth on rotor.
Shear stress area on
stator highlighted.
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b. Teeth on rotor.
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Figure 2. Shear stress areas for straight - through labyrinth seals.
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Figure 3. Results of calculation for a five teeth straight-through labyrinth seal. Analytical
prediction is compared to the results obtained by [9] and numerical prediction. (A = 0°).
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Figure 4. Results of calculation for a twelve teeth straight-through labyrinth seal.
Analytical prediction is compared to the results obtained by [3] and numerical prediction.
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Figure 5. Results of calculation for a fourteen teeth straight-through labyrinth seal.
Analytical prediction is compared to the results obtained by [3] and numerical prediction.
84
0.5
&--8 Analytical
[3o•••••-EJ Numerical
*- - '* Experimental
0.4
G
0.3
0.2
0.1
0.0
0.0 0.2 0.4
r
0.6 0.8 1.0
Figure 6. Results of calculation for an eighteen teeth straight-through labyrinth seal.
Analytical prediction is compared to the results obtained by [3] and numerical prediction.
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Figure 7. Results of calculation for an eighteen teeth straight-through labyrinth seal.
Analytical prediction is compared to the results obtained by [3] and numerical prediction.
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Figure 8. Results of calculation for a twelve teeth straight-through labyrinth seal for the
outlet to inlet prssure ratio r = 0.205. Analytical prediction is compared to the results
obtained by [3] and numerical prediction. (A = 30°).
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Figure 9. Results of calculation for a twelve teeth straight-through labyrinth seal for the
outlet to inlet prssure ratio r = 0.787. Analytical prediction is compared to the results
obtained by [3] and numerical prediction. (,,\ = 30°).
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Figure 10. Plot of critical pressure reVS number of teeth NT for the relation of p,
given by equation (3.12) and 'Y = 1.4 (for air).
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Figure 11. Pressure distribution for an example case of a five teeth straight-through
labyrinth seal whose pressure and geometrical conditions are given in section 3b. Results
of the analytical calculation for choked case are compared with a non-choked case.
90
G--E) Choked case
~•••••-El Non-choked case
::---...
····..s
....... .
....
....
...'&.
-..,
'.
'.
'.
'.
'.
...
'E!l..
0.0.
'00.
0..
'.
.......
0.2
0.4
0.6
0.8
1.0 Q------.--,------.--,------.--,------.--,---r-------,
0.0
0.0 1.0 2.0 3.0 4.0 5.0
1
Figure 12. Pressure distribution for an example case of a five teeth straight-through
labyrinth seal whose pressure and geometrical conditions are given in section 3b. Results
of the numerical calculation for choked case are compared with a non-choked case.
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Figure 13. The discharge flow coefficient Ci obtained from equation (4.2) is compared
with the one obtained from equation (3.4).
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Figure 14. Hydraulic diameter of the cavity.
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APPENDIX A
Consider a cubic equation given by
S 2 ax + alx + ~X + as = ,
with real coefficients al, ~, as.
The following is a standard algorithm for obtaining its solution:
1. First compute
and
2af - 9al~ + 27as
R= 54
(A. 1)
(A.2)
(A.3)
2. Next, check that QS - R2 ;::: O. If this holds, then the cubic equation (A.I) has
three real roots.
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3. Find them by computing
0= arCCOB(R/JQ3),
in terms of which the three roots are
In (0 +27r) al
Xl = - 2y Q cos 3 - 3 '
In (0 + 47r) al
Xl = - 2y Q cos 3 - 3 .
(A.4)
(A.5)
4. If, on the other hand, R2 - Q3 > 0, then the cubic has only one real root, given by
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